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If the obstacle is given by                                             and the ego shape is a point 
mass                                    , the requirement that the distance between the two 
sets is larger than a distance           is equivalent to the following constraints: 
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‣ Proof sketch:
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- Where                                                               is the Minkowski difference

- Minkowski difference of two convex sets is convex

- Minkowski difference only contains 0 if sets overlap
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‣ Proof sketch:
- Reformulate penetration of the two sets as

- Where                                                               is the Minkowski difference

- Minkowski difference of two convex sets is convex

- Minkowski difference only contains 0 if sets overlap

- Back to point mass penetration case

If the obstacle is given by                                             and the ego shape is a point 
mass                                    , the requirement that the distance between the two 
sets is larger than a distance           is equivalent to the following constraints: 
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Problem deÞnition

‣ Model:
- Full 12-state quadcopter model - rotor speeds as inputs [Meilinger]

‣ Input-state constraints:
- Bounds on states and inputs

‣ Cost:
- tradeoff between minimum time and minimum input

16

J = q! F +
N! 1!

k=0

uT
k Ruk



Problem deÞnition

‣ Model:
- Full 12-state quadcopter model - rotor speeds as inputs [Meilinger]

‣ Input-state constraints:
- Bounds on states and inputs

‣ Cost:
- tradeoff between minimum time and minimum input

- minimum time is achieved by optimizing over sampling time ->

16

J = q! F +
N! 1!

k=0

uT
k Ruk

xk+1 = xk + TVW[ ÷f (xk , uk )

! F = NTVW[



Problem deÞnition

‣ Model:
- Full 12-state quadcopter model - rotor speeds as inputs [Meilinger]

‣ Input-state constraints:
- Bounds on states and inputs

‣ Cost:
- tradeoff between minimum time and minimum input

- minimum time is achieved by optimizing over sampling time ->

16

J = q! F +
N! 1!

k=0

uT
k Ruk

xk+1 = xk + TVW[ ÷f (xk , uk )

! F = NTVW[

J = qNTVW[ +
N! 1!

k=0

uT
k RukKPZ[(E(x),O) > dTPU !" # � $ K ! 0 : (Ap %b)" � > dTPU, &A" �&! ' 1



Problem deÞnition

‣ Model:
- Full 12-state quadcopter model - rotor speeds as inputs [Meilinger]

‣ Input-state constraints:
- Bounds on states and inputs

‣ Cost:
- tradeoff between minimum time and minimum input

- minimum time is achieved by optimizing over sampling time ->

‣ Obstacle avoidance:

- Point mass ego shape with a safety distance to consider size of the quadcopter

- Obstacles are Þve 3D boxes
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Results

‣ Warm start using shortest path problem 
- A* is used to solve the 3-D shortest path problem 

- A* also determines horizon length N 

- Zero velocities and angles warm start 

‣ IPOPT as NLP solver and Julia/JuMP as interface 

‣ Solved for 36 different Þnal positions 
- N between 100 - 129, Ts limited between 0.125 and 0.375 s 
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Results

‣ Warm start using shortest path problem 
- A* is used to solve the 3-D shortest path problem 

- A* also determines horizon length N 

- Zero velocities and angles warm start 

‣ IPOPT as NLP solver and Julia/JuMP as interface 

‣ Solved for 36 different Þnal positions 
- N between 100 - 129, Ts limited between 0.125 and 0.375 s 
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Autonomous parking
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Problem deÞnition

‣ Model:
- 4-state kinematic car model

- steering and acceleration input

‣ Input-state constraints:
- Bounds on steering ! , steering rate "! , and acceleration a
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Problem deÞnition

‣ Model:
- 4-state kinematic car model

- steering and acceleration input

‣ Input-state constraints:
- Bounds on steering ! , steering rate "! , and acceleration a

‣ Cost:
- tradeoff between minimum time, minimum input, and minimum input rate

‣ Obstacle avoidance:

- Box shape for car

- 5 half-spaces for reverse and 6 for parallel parking
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Warm-Start

‣ A good warm-start is extremely important
- Warm-start should avoid obstacles, and

- FulÞl the non-holonomic dynamics of the car

- But also be fast to compute
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Results

‣ Warm start using Hybrid-A* 
- Hybrid A* also determines horizon length N 

- Warm-starts for velocity, inputs, and obstacle dual-multipliers 

‣ IPOPT as NLP solver and Julia/JuMP as interface 

‣ Solved for 84 different starting positions
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Results

‣ Warm start using Hybrid-A* 
- Hybrid A* also determines horizon length N 

- Warm-starts for velocity, inputs, and obstacle dual-multipliers 

‣ IPOPT as NLP solver and Julia/JuMP as interface 

‣ Solved for 84 different starting positions
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Driveability

‣ Is it worth to use this approach or is a Hybrid A* good enough
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‣ How well can a path following controller follow the trajectory 
- Velocity P-Controller based on position along the path 

- Lateral path-following LQR
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‣ How well can a path following controller follow the trajectory 
- Velocity P-Controller based on position along the path 

- Lateral path-following LQR
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‣ Hybrid A* neglects longitudinal dynamics and rate constraints 
- Accurate path following is only possible with a slow velocity proÞle



Driveability
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‣ Reduce maneuvre time by over 50%, while improving the accuracy 
- OBCA trajectory considers full model and actuator limits, 

- resulting in smooth and easy to follow trajectories 

- gives accurate feedforward terms (no heuristic needed as for hybrid A*),
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‣ Reduce maneuvre time by 50%, while improving the accuracy 
- OBCA trajectory considers full model and actuator limits, 

- resulting in smooth and easy to follow trajectories 

- gives accurate feedforward terms (no heuristic needed as for hybrid A*),
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Conclusion

‣ Novel method for optimization-based collision avoidance 

‣ Results in smooth and easy to implement constraints 

‣ Showed the efÞciency of the approach on a quadcopter and 
autonomous parking example 

‣ On of the big challenges is Þnding a good warm-start
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Parallel Parking
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